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SUMMARY

_
/92 75

A set of working charts is presented which allows rapid determination of the
propellant requirements for maintaining an earth orbital vehicle in a permanent
circular orbit in the altitude range of 160 to 300 nautical miles. The orbit is
allowed to decay to a predetermined altitude below the original orbital altitude,
and a Hohmann transfer maneuver is used to return the vehicle to a circular orbit
at its original altitude. The number of such corrections required per year, and

the velocity requirement to make a correction are combined to give the yearly pro-
pellant consumption requirement.

Two atmosphere models were used, the 1959 ARDC model atmosphere, and the
1962 U.S. standard atmosphere.

The results indicate that at the higher altitudes propellant mass fractions
of the order of 1 percent are required to sustain the orbit if the orbit is per-
mitted to decay only a small percentage of the original orbit altitude before a
correction is made. At altitudes below 180 nautical miles, the propellant con-

sumption required to maintain the orbit for a year exceeds 10 percent of the total
station weight.

INTRODUCTTION

With the recent discovery of a low-altitude, manmade radiation belt in the
vicinity of Brazil (ref. 1), it might be required to place permanent manned space
stations, with moderate orbital inclinations, into lower altitude orbits than
might be desired from orbital lifetime considerations in order to keep the radia-
tion shielding requirements for the space station to a minimum. Since circular
orbits in the altitude range of 100 nautical miles to 300 nautical miles still
encounter enough drag to cause a considerable altitude decay over long periods of
time, some means of propulsion must be provided in the space station to permit the
station to maintain a useful orbit for the required length of time. The analysis
of this paper yields ultimately the fuel requirements for the space station to
accomplish its design mission.



The approach taken herein is to assume that the station 1s initially placed
into the desired circular orbit, and the orbit is allowed to decay to a specified
altitude. A Hohmenn transfer maneuver is then used to return the station to a
circular orbit at its original altitude. The number of such maneuvers required,
for a given allowable decay altitude, 1s determined on a yearly basis and the pro-
pellant consumption per year required to maintain a useful orbit is also deter-
mined. Working curves yielding several variables of interest are presented for
values of the ballistic coefficient equal to unity, and relations are given which
allow direct application of the given results to any other value of ballistic
coefficient.

Since there is apparently still some concern over the best atmospheric model
to use, decay rates, decay times, and propellant consumption charts are presented
for two atmospheric models - the ARDC 1959 model atmosphere (ref. 2) and the 1962
U.S. standard atmosphere (ref. 3).

The results obtained herein are found to be in general agreement with those
presented by Bruce. (See ref. 4.) In his paper, Bruce obtained qualitative ana-
lytic results derived by assuming an exponential atmosphere model to determine the
altitude decay time, and then used these results to obtain the propellant consump-
tion. The results contained herein should be more accurate than those presented
by Bruce, because in this analysis the actual tabulated density function is used,
and the basic equation is integrated numerically.

SYMBOLS
A characteristic area, sq ft
a semimgjor axis of orbit, ft
B ballistic coefficient, 925, £42
2m slug
Cp coefficlient of drag
D drag, 1b
e eccentricity of orbit
F thrust, 1b
f true anomaly of orbit, deg or radian
24 acceleration due to earth's gravity at sea level, 32,17k, ft/sec2
h altitude from spherical earth, International nautical mile
Isp specific impulse of fuel, sec



m mass, slugs

N normal acceleration component, f‘t/sec2

Na number of velocity corrections per year to maintain orbit between hy
and hy

n mean angular velocity, radians/sec

P period of rotation, sec

R radial acceleration component, ft/sec2

Re earth radius, 20.926 x 100 £t

T magnitude of radius vector, ft

S transverse acceleration component, f‘t/sec2

T tangential acceleration component, ft/sec2

t time, sec, or days, as noted

tp time to decay from hy, to hl’ day

tg desired duration of orbit, sec or days

v linear velocity of vehicle, ft/sec

FAN'S corrective velocity, velocity to regain original altitude, ft/sec

Ovy corrective velocity needed per year, ft/sec

Yo original weight of space station plus propellant, 1b

Wp propellant weight, 1b

Z ratio of altitude above spherical earth to earth radius, h/Re

o density of atmosphere, slugs/ft>

W earth's gravitational constant, 1.408 X 1016, £t0 /sec?

Subscripts:

1 refers to final altitude

2 refers to initial altitude



ANALYSIS

Derivation of Basic Equation

Briefly, the approach used herein is the following: The altitude decay rate
is integrated numerically to determine the decay time from the original orbital
altitude to some specified altitude. The Hohmann transfer velocity to return the
vehicle to its original circular orbit is determined. The number of corrective
maneuvers required per year is found and combined with the Hohmann velocity to
give the yearly velocity requirement to maintain the orbit. This velocity is used
with the ideal velocity equation to give the propellant mass fraction required per
year to maintain the orbit.

An expression for the instantaneous altitude decay rate can easily be
obtained directly from Lagrange's planetary equations. (see, for example,
ref. 5.) The one equation needed here is

(j(er sin £)R + a(l - e2>8] (1)

da _ __ 2
dt nrJl - e?
where the radial and transverse acceleration components, R and S, can be

expressed in terms of tangential and normal acceleration component, T and N,
as

R = e sin f T - l+ecos? N (2)
Jl + e2 + 2e cos f Ji + e2 + 2e cos T
+
g = 1 e cos T T o+ e sin £ N (5)
Jl +e2 + 2e cos T Ji +e2 + 2e cos f

For the circular-orbit drag decay problem,

a =T
e =0
T:—Q
m
N=20



and hence

R=20
g=-2
m
Equation (1) becomes
dr _ _2D ()
at n m

The mean angular veloccity n can be expressed as

_en _fur
PET T2 ()
and with
D12 A (A u 6
Sl —(2m ot (6)
where
2 _H
V=5
equation (4) can be written
dh dr
. = - = 2B r
= it m (7
with the definition
C
p - DA (8)
2m

Equation (7) is the basic equation used herein and forms the starting point for
the analysis.

Note that equation (7) is linear in B, which is herein assumed to be con-
stant. Thus, a value of B =1 1is used herein, and this proportionality may be
amended so as to use the charts presented for any other value of B.



Atmospheric and Earth Models

Because of the wide spread in some of the experimental data available on the
density of the atmosphere at the higher altitude (>60 nautical miles), and because
of the known fluctuation in the density with latitude, night and day, and sunspot
activity, there is apparently still some indecision as to the best standard atmos-
pheric model to use. For this reason, the results in this paper are presented for
two atmospheric models, the 1959 ARDC model atmosphere (ref. 2) and the 1962
U.S. standard atmosphere (ref. 3). The density as a function of altitude is shown
in figure 1 for both model atmospheres.

The other physical constants used in this paper are 20.926 x lO6 feet for the

radius of the earth, and 1.408 x 1016 cubic feet per second? for the earth's grav-
itational constant . The nautical mile referred to throughout the text is the
International nautical mile, 6076.11549 feet.

Decay Times and Propellant Mass Fraction

The decay rates from equation (7), using both atmospheric models are shown in
figure 2, and form the baslc data for the analysis to follow. The time to decay
from any initial altitude hp to some final altitude h; 1s then given by numer-

ically integrating equation (7) as

hl
dat
= - — dh
D /; ah (9)

Three basic assumptions are made at this point:
(1) The ballistic parameter B 1is constant.
(2) The earth is not rotating (stationary atmosphere).

(3) As the orbit decays, it remains in a succession of circular orbits (that
is, the velocity at each altitude is equal to the local circular velocity).

The results of this integration are shown in figure 3 for the 1962 U.S. standard
atmosphere and in figure 4 for the 1959 ARDC model atmosphere. In these figures,
the initlal altitude hy has been varlied from 300 to 160 nautical miles. The

decay times 1n days are then plotted against the final altitude hl’ for a value

of ballistic coefficient B equal to unity. For a general value of B not equal
to unity, the decay time can be found from

_1
tp,8 = 3 'p,B=1 (10)
where tp gy 1s taken directly from figure 3 or L,
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Also shown in figures 3 and 4 gre lines of constant decay time. For example,
reference to figure 3(a) shows that the dashed lines marked 95 percent, 90 per-
cent, and 50 percent intersect the h, = 300 nautical miles altitude curve at
198, 216, and 273 nautical miles, respectively. This condition means that a sat-
ellite with B = 1, initially placed into a circular orbit at 300 nautical miles,
spends 95 percent of its total lifetime above 198 nautical miles, 90 percent of
its lifetime above 216 nautical miles, and 50 percent of its lifetime above
273 nautical miles. Total lifetime is here defined as the time to decay from the
initial altitude hp down to h; = 100 nautical miles, since these calculations
indicate that a satellite with B = 1 in a 100-nautical-mile circular orbit
would remain in orbit for something less than 1 or 2 days.

These decay data are conveniently summarized in table I which gives the decay
times in days over 5-nautical-mile intervals, starting at 300 nautical miles for
both atmosphere models.

If the decay times, taken from figure 3 or 4, are divided into 365, the num-
ber of days in a year, the number of corrective maneuvers which must be made per
year to maintain the spacecraft orbit between the altitude limits of - h, and hy

can be found.

N, = %%2 (11)

For a value of B # 1,

N = B(Nc)le

The number of such corrections per year is shown in figure 5, again for both
atmospheric models. Note that, as one could expect, the number of corrections
per year increases as hp - hy decreases and approaches infinity as hy, - by

approaches zero. This is the case when thrust is applied continuously with the
thrust force equal in magnitude to the drag force.

In order to maintain a useful orbit, it was assumed that the spacecraft ini-
tially placed into a circular orbit at altitude h, was allowed to decay to a

circular orbilt at altitude hl' A Hohmann transfer maneuver was then used to

return the station to its original orbital condition. An expression for the total
velocity required to perform this corrective maneuver for any two altitude limits
ho, and h; has been derived by Thomson (ref. 6) and is shown below, where

ri1 =Rg + hy and rp =Re + hp:

T r
AV = fiL V2l fy oYy [ (12)
I‘l 1+ I‘l I'2




Equation (12) is displayed graphically in figure 6 for the altitude range of
interest here. It can be remarked that for h << Ry, equation (12) can be simpli-

fied considerably. 1If Z = h/Re, an expression correct to the second order in Z
that can be used in place of equation (12) is

2 2
Zo - 2, (2o - Z Z,° - 717
szull 221+(2hl)'(2212) (13)

The first term in square brackets is the first-order approximation and can be used
if the altitude difference hp - h; does not exceed 10 or 20 nautical miles.
Equation (15) is presented here as a convenience. This approximation to equa-~
tion (12) was not used in the calculations presented herein.

The total velocity required per year for orbital maintenance can be found by
multiplying the velocity requirement per corrective maneuver from figure 6, by the
number of corrections per year which must be made:

Avy = NoAv (14)

For B # 1,

Avt = B(Avt) B=1

This total maintenance velocity is shown plotted in figure 7. Here it should be
noted that, as ho - h] approaches zero, the maintenance velocity remains finite;

thus, as will be shown subsequently, a finite amount of propellant is required for
orbital maintenance even in the case where thrust is applied continuously.

It might be remarked that in some instances the natural decay time between
two altitude limits exceeds 1 year. For these cases, the total velocity incre-
ment shown in figure 7 should be taken as average yearly rates. For example,
using the 1962 U.S. standard atmosphere, figure 3(a) shows that a correction must
be applied every 1,630 days if the orbit is allowed to decay from 300 to 100 nau-
tical miles. This is every 4.47 years. From figure 6, the correction velocity
required for this maneuver is 693 feet per second, or an average velocity penalty
of 153 feet per second, as shown in figure 7(a).

If 1t is assumed that no drag acts over the comparatively short time that the
corrective maneuvers take place, it is possible to find the propellant mass frac-
tion required to maintain the orbit from the ideal velocity equation:

W
Avy, = -gLg, loge (1 - WE> (15)

o}



Equation (15) is used herein. However, if Avy << glgp, €quation (15) can be
simplified to

ANt
gl sp

W
P (16)
wO

The differences in calculating wp/wo from equations (15) and (16) begin to be

noticeable when Avy 1is of the order of 3 percent of gl_., and hence equa-

E1Y
tion (16) is not used herein. The only difficulty encountered here is that the
final results for propellant mass fraction required for orbital maintainence
could not be generalized for all values of specific impulse Isp' A value of

the conversion

ISp = 300 seconds was used here. For any other value of Isp’
formula
500B
I
W. W sp
i l(f) (17)
O @) —
ISP—BOO
B=1

must be used. Note that the equation also makes the correction for B simulta-
neously with the correction for Isp'

The propellant mass fraction per year required to maintain the orbit between
the limits of hy and hl was calculated by using equation (15), and the results

are given in figure 8. The dashed lines indicate the propellant mass fraction
required if the orbit is allowed to decay 10 percent or 50 percent of the initial
altitude. The line marked continuous thrust is the propellant mass fraction
required if the orbit is not allowed to decay at all, but is maintained by a con-
tinuously thrusting rocket motor whose thrust magnitude F 1is equal to the decay
force experienced by the satellite. Thus, with F = D,

W t
P s (L
2 - pp __<__> (18)

where t is the desired duration of orbital sustenance.

S

In figure 9 is shown the propellant mass fraction required if the orbit is
allowed to decay the indicated fraction of its original altitude. This figure
was obtained from figure 8.



RESULTS AND DISCUSSION

Working charts have been presented which permit the simple determination of
several parameters which are useful in determining the propellant requirements to
sustain an orbiting spacecraft in a useful orbit between two limiting altitudes in
the range 160 to 300 nautical miles. These parameters are:

(l) The decay time, the time it takes the satellite to decay from a circular
orbit at altitude h, to a circular orbit at altitude h; when acted

upon solely by aerodynamic drag (see figs. 3 and 4)

(2) The number of Hohmann-type correction maneuvers required per year to
transfer the spacecraft from a circular orbit at altitude hy; to a

circular orbit at altitude h, (see fig. 6)

(3) The total velocity penalty per year associlated with these correction
maneuvers (see fig. T)

(4) The propellant mass fraction required per year to perform these correc-
tion maneuvers (see figs. 8 and 9)

It might be noted, incidentally, that the effective lifetime of a spacecraft
originally in a circular orbit at altitudes ranging from 160 to 300 nautical miles
can also be found from figures 3 and 4, with h; = 100 nautical miles.

All the data presented have been valid only for a value of ballistic coef-
ficient B = 1. For any other value of B, the following conversion formulas can

be used:
(*p)gy
T
N, = (NC)B=

Lvy = (ANt)B=lB

The conversion formula for Wb/wo for Isp # 300 seconds and B #1 1is given
by equation (17).

One possible application of the results presented herein will be given here.
Because of the recently discovered manmade radiation belt off the east coast of
Brazil, it might be necessary to place permanent manned orbiting spacecraft in
orbits of lower altitudes than desired from a lifetime point of view because of
the excessive shielding requirements necessary to protect the occupants of the
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station. In figure 10 is presented the shielding weight in pounds per square
foot of a CHpo-type plastic necessary to keep the radiation to which the crew is

assumed to be exposed down to presently acceptable limits. (see, for example,
references 7 and 8 for calculation procedures and tolerance limits.) It will be
noticed that the shielding requirements increase with increasing orbital altitude.
This shielding requirement represents a reduced useful payload in orbit, since it
is required in addition to the basic structural weight. Since the propellant
requirements for orbital sustenance decrease with increasing altitude it seems
likely that the sum of shielding weight and propellant weight might have a minimum
when plotted against orbital altitude. The altitude at which this minimum occurs,
then, represents an optimum altitude for orbiting if the only consideration is
useful payload in orbit and if the only weight penalties considered are those
associated with shielding requirements and orbital-sustenance propellant require-
ments. The example of this calculation is shown in figure 11, in which it is
assumed that a 50,000-pound spacecraft with B = 1, is to maintain a circular
orbit with continuous thrust, and is required to shield 1,000 square feet of
housing area for the crew. For this spacecraft, it is seen that an orbital alti-
tude of about 226 nautical miles minimized the total shielding weight and propel-
lant weight for 1 year.

It can be noted from figure 8 or 9 that, as pointed out by Bruce (ref. 4),
the propellant requirement is minimized 1f one uses continuous thrust to maintain
the orbital altitude. However, except in the case when a system such as an ion
rocket or solar sail can be used, the practicability of such a system is question-
able because of the extremely low thrust magnitudes required. Thus, the scheme
of allowing the orbit to decay and then apply a correction maneuver seems quite
feasible with conventional rocket motors of reasonable size, since the correction
velocity requirements per maneuver (fig. 5) are not excessively large.

CONCLUDING REMARKS

A set of working charts is presented which allows the rapid determination of
the propellant requirements for maintaining an earth orbital vehicle in a useful
orbit between the altitude limits of 160 to 300 nautical miles. The following
assumptions were made in the analysis:

(1) The earth is spherical and nonrotating.

(2) As the orbit decays, the velocity of the satellite is always equal to
the local circular velocity.

(3) The ballistic coefficient B is constant.

(h) The drag acting on the vehicle during the transfer maneuver is
negligible.

Two atmospheric models were used, the 1959 ARDC model atmosphere, and the 1962
U.S. standard atmosphere.

11



It was found that the minimum propellant requirement occurs when the satel-
lite is not allowed to decay at all but is maintained by a continuously thrusting
rocket motor, whose thrust is equal in magnitude to the decay force experienced
by the spacecraft. This condition has been pointed out previocusly by Bruce.

At the higher altitudes, above about 260 nautical miles, very modest amounts
of propellant, of the order of 1 percent of the initial weight, are required per
year if the orbit is not allowed to decay a large percentage of the original orbit
altitude. TIn the lower altitude region, below about 180 nautical miles, the
yearly propellant consumption amounts to something of the order of 10 percent of
the total spacecraft weight, or greater. This large propellent requirement, how-
ever, does not make orbital sustenance at these altitudes impractical because
rendezvous techniques, which allow maintenance fuel to be brought to the space-
craft at pericdic intervals, can significantly reduce the propellant mass fraction
required during the period between two successive rendezvous missions.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., April 12, 1963.
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TABLE I.- DECAY TIMES IN DAYS OVER 5-NAUTICAL-MILE INTERVALS

FROM 300 NAUTICAL MILES TO 100 NAUTICAL MILES

FOR TWO ATMOSPHERIC MODELS. B = 1.0
Decay times, days for -
Interval, p
nautical miles 19 2agé§ép§:?2dard 1950 ARDC atmosphere

300 to 295 194.0 137.9
295 to 290 1735.1 123.9
290 to 285 153.9 110.9
285 to 280 136.1 98.5
280 to 275 120.5 87.1
275 to 270 106.7 7.2
270 to 265 94,2 68.1
265 to 260 83.3 60.0
260 to 255 73.8 53.0
255 to 250 65.6 4L7.0
250 to 245 58.2 hi.7
245 to 24o 52.8 36.8
240 to 235 LG, 2 32,4
235 to 230 38.7 27.3
230 to 225 33.4 2k.6
225 to 220 29.0 21.3
220 to 215 25.3 18.5
215 to 210 22.0 16.0
210 to 205 19.0 13.7
205 to 200 16.5 12.0
200 to 195 14,39 10.60
195 to 190 12.18 9.18
190 to 185 10.29 7.93
185 to 180 8.70 6.83
180 to 175 .33 5.81
175 to 170 6.18 4,91
170 to 165 5.19 k.15
165 to 160 4,37 3.50
160 to 155 3.66 2.97
155 to 150 3.12 2.48
150 to 145 2.66 2.13
145 to 1k 2.22 1.81
140 to 135 1.83 1.53
135 to 130 1.48 1.27
130 to 125 1.16 1.02
125 to 120 .90 .83
120 to 115 .69 67
115 to 110 .55 .53
110 to 105 43 )
105 to 100 .34 %)
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290

28035

60

‘-27Q

2

=

23073

N 220

210

200

T
T
B

19073

170

160

i

Iy

10,000

'_‘AT -

1000

1e9A 295733 YAy

100

10

300

260

220

180

140

100

hl’ nm

B = 1; 1959 ARDC atmosphere.

(b)

Figure T7.- Concluded.

25



26

1.0

= 5
h2, nm
150
: -
= T
i l6CI)
N 1
N |
Y 170
.l
18034 2 SSSsSssossasss
190
c’S : 200
(o]
o~ T
H 210
e 5 1
o, +
==° SEEha
a 230
L I
S L H 2 240
= H S H-H
H 250
.0
! 50%
260 B
270,
g 280
=
= 290
10 300
Continuous thrust ?_
.001
100 140 180 220 260 300
hl, nm

(8) B =1; U.S. standard atmosphere 1962.

Figure 8.- Propellant mass fraction required per year to maintain orbit between

altitude limits of he

and h,.

1



1.0

=

+
w
12
2
i )
(]
3
5)
=
€
ot
t
o)
i 1 S 2
it &0
M off o
] ©©
R M B
o 1. ot
'3 " i
&1 k)
—~
SHLE
N 4
i ot
%,%AZ V.
[} o d 7
—
o) o A
S [ 7
Bl oy 2
'O Vi vi
N 7
—
77
o) 7
=
g o —
c =
- mN T 4 /
(i NS A i
= 2 > .
Il vv.. iiee _kOJ
¥
= i
—
—~ — =
L] 0. O
o -
zeok zod o

180 220 260 300
hl, nm

140

100

B = 1; 1959 ARDC atmosphere.

(b)

Figure 8.- Concluded.

27



28

1.000

=

\

0.100 LT

T,
T
A

|
I\

per year

0.010

0.001
0

(a) B =1; U.S.

Figure 9.- Propellant mass fraction required
given percentage of

0.3 Ok 0.5
Ah / hy

standard atmosphere 1962.

per year to maintain orbit for an
the original orbit altitude.

allowable decay tc a



o5

.)+

29

Ah/h2

3

Figure 9.- Concluded.

o2

B = 1; 1959 ARDC atmcsphere.

(v)

.1

i .
_,” N H
i .
L
AT, A sk
; \ AT i
: NERNERY Y [ ;
(M i ; A Y Y r
1 1S DY SRR VW OTE , T
3 BRI , , .
frt LSS LIl LA Vi A I 5
R ,
L ! HA Vi ; !
1136 e BN i ! e i / T
i TN i T
,_ ! HA e e R Ly -
H i e 88! B Y COINT Y NI ! i
i e i 4M X \ ; N ;# / \ AW v ,, ! ; A0
T i i i ! T
#, e ARSR O N A 8l i SR 1 \ ! )
v i ! i Y ’,w? / T i *
1L, 1 ; 1 SEANGTERE 3\ HIN H B
I 1] I { BEEA RENV ; I i
i | ! \ 1 i I i
I T \ 3 SN ! kY AN
i - ] IS\ B} i o
1148 | : | LR VS EL OB [ NN I B8
iR IAl ! \ o : o , ;
HIM | : SEEEAY I LR I I [
T , At X AT I IRV NI NAERE A T N W , -
Hit HhOd Ay A s \ I i | |
I 1] | Hi 1A . RN X I ! ! i il L ;
I 11111 MM A 5 { [ : ! ! It : I H
iRy ! i R BV ; A\ AN i i | 1
: : T : i . : ST TIRT ! ; i
ik »/ " FRNIL Il F0 A i 8y % yﬂ i
i I N T i T | i CHTTINT \ ]
HH ] AV LGN ; i ; I ! H HINFTTIN :
[T i VI I 11F RREL 118 I [ 11 ] AN I e L1

0.1
.01

o
Ieak xad mB
M

.001



12 —
10

+
G+
o
<
Q 8
~— /
R
.C
o
o
= 6 |-
o
c
o
go]
—{
O
:El
) Lo

2 —

0 1 | | | i 1

0 100 140 180 220 260 300

Altitude 4 nm

Figure 10.- Shielding weight per square foot required for a %0° inclined orbit.

30



14000 -
Total shielding and propellant weight

12000
=
L ol /
£ 10p00 | \T’/ Shielding weight
A .
g
>
o !
[
o ’
S
o 8000 - ;
-
‘: |
(]
T 1
c
" |
- 6000
H [
m i
O] i
> !
~
4 |
—
Lo O R .
£ 000 r Optimum orbiting altitude
& |
o I
o
2
» |
@ 2000 |
-
2 |
a ‘ Propellant weight per year
a¥

0 | ! a !
100 140 180 220 260 300

Orbiting altitude, nm

Figure 11l.- Graphic determination of the optimum orbiting altitude giving consideration only to
shielding and propellant welght requirements.

NASA-Langley, 1963 L_5h39 31






